Journal of Statistical Physics, Vol. 17, No. 6, 1977

Ergodic Properties of Infinite-Dimensional
Stochastic Systems*

M. M. Tropper?

Received May 1, 1977

The ergodic properties of two stochastic models X; and 2y, are investigated.
Each model is described by a field x(¢), ¢ = 0, on the lattice I' = Z¢,
d < co. For Z;, x(¢) evolves according to the equations

dqs(t) = ps(t) dt
dpt) = [—grad Du(g40)) — 3p:0)

+ > grad Qolge(r) — qs(t))] dt + dwy(t) foreachsel

s’ adjacent tos

where x,(t) = (g2), p(t)) € R? is the value taken by x(¢) at se I". For 2y,
x(t) satisfies

dx(t) = [— grad @) + S grad Dalre(r) — xs(t))]dt + dwy(1)
s’ adjacent to s

where x,(¢) € R for each s € I'. Here the {w.(¢): s € I'} are independent, one-
dimensional Wiener processes, @, is a bounded interaction between
adjacent lattice sites, and the potentials ®; and ®, satisfy appropriate
regularity conditions. It is shown that for each model, x(¢) is a Markov
process on an infinite-dimensional phase space X. The probability measures
on X that satisfy the Dobrushin—Lanford-Ruelle (DLR) conditions are
stationary for this process and have a mixing property. Moreover, for Z;
any stationary, time-reversal-invariant probability measure that has certain
regularity properties must satisfy the DLR conditions.

KEY WORDS: Infinite stochastic system; Markov process; Dobrushin—
Lanford—Ruelle conditions; mixing ; stationary states; ergodic properties.

1. INTRODUCTION

In a previous paper  we made a study of the ergodic behavior of some finite-
dimensional stochastic models, and obtained conditions under which these

! This paper is based on a portion of the author’s Ph.D. thesis.®
2 General Electric Company, Hirst Research Centre, Wembley, Middlesex, England.
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models satisfied a mixing property. Here we carry out a similar investigation
for two stochastic models whose phase spaces are infinite-dimensional. In
each case we seek to describe the stationary states and to find conditions
under which the model is mixing with respect to any such state (according to
the definition given below).

The models Z; and Z;; are described in Section 2. Z; is a Hamiltonian
model on an infinite lattice, incorporating bounded interactions between
neighboring sites, and with the addition of mutually independent fluctuating
forces which act at the individual lattice sites and are representative of thermal
reservoirs. The equations of evolution of X;; resemble a lattice version of
those of the Ginzburg-Landau theory of superconductivity in their stochastic
form, or their analog® describing a laser with a continuum of modes.

The defining equations for X; and Z;; are shown in Section 3 to have
unique solutions. In Section 4 the corresponding Markov process on the
phase space X is described in each case, and the probability measures on X
that satisfy the Dobrushin-Lanford-Ruelle (DLR) conditions are shown to
be stationary for this process.

Let = be a stochastic system with an invariant measure m, and let the
variables x(¢) € X describing X at time ¢ > 0 have distribution m, on X. We
say that X is mixing with respect to m if lim,_, , m, = m whenever m, is
absolutely continuous with respect to m. In Section 5 (Propositions 5.1 and
5.2) we prove that, subject to some regularity assumptions, both Z; and X;
are mixing with respect to any DLR measure.

Finally, we prove in Section 6 (Proposition 6.1) that any stationary,
time-reversal-invariant probability measure for Z; that has certain regularity
properties must satisfy the DLR conditions. Thus for this model we have a
complete description of the stationary states, together with a mixing property.

The following notation will be used. Z, R, and R" will denote the positive
integers, the real line, and Euclidean n-dimensional space, respectively, and
for n > 1 we shall write |x| for the Euclidean norm of x € R If (X, o, m)
is a measure space, and 1 € p < oo, L?(X, m) will denote the LP-class func-
tions on X with respect to m, and 1, the characteristic function of the set
A € 0. Finally, for n > 1, CZ,(R™) and C®(R™) will denote, respectively, the
twice continuously differentiable functions with compact support and the
continuous, bounded functions having continuous, bounded first and second
partial derivatives on R".

2. DESCRIPTION OF THE MODELS

We shall now describe the models £; and Z;; with which we shall be
concerned. The evolution of each model is given by a field x(¢), # > 0, on the
lattice I' = Z¢%,1 € d < o0.
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Model Z;: x(2) = (g(¢), p(¢)) is an R3-valued lattice field, taking the
value x(t) = (g,(¢), ps(t)) at the site s € I'. The phase space X is (R?)" and
the formal field equations are

dqt) = py(t) dt
dpi(t) = [F(qs(t)) ~ 1801 + 3 8qu(0) qsa»] d + dwyt) (1)

s

foreachsel’

where we write s’ ~ s to mean that the lattice sites s, s” are adjacent.
Model Z;: x(2) is a real-valued field. The phase space X is R' and the
formal field equations are given by

dxt) = [F(xsa» + > glrlo) - xs(z»] dt + dw,(1) @

§'~s

foreach seT’

In Egs. (1) and (2), F and g are functions from R to R, representing,
respectively, a secular force at each lattice site and a bounded interaction
between neighboring sites. The {w,(¢): s € I'} are mutually independent, one-
dimensional Wiener processes. 2; may represent an infinite-dimensional
classical lattice system which undergoes perturbations due to its thermal
environment, while Eq. (2) for Z;; resembles a lattice version of the equations
of the Ginzburg-Landau theory of superconductivity in their stochastic form,
or their analog® describing a laser with a continuum of modes. Model Z;
may thus represent a stochastic system with infinitely many degrees of freedom
which is in a state far from thermal equilibrium.

3. EXISTENCE AND UNIQUENESS OF THE EVOLUTIONS

The systems of equations (1) and (2) will be shown to possess unique
solutions. The method of proof is similar to that employed in Ref. 4 to obtain
the time evolution of an infinite-particle system.

We assume that F and g have the following properties:

(a) F, g are twice continuously differentiable, with derivatives which
will be denoted by F’, F", g, g".

(b) F, F’, g, and g’ satisfy Lipschitz conditions with corresponding
constants «g, ay, v,, and y;, respectively.

(c) There exist oy, ¥, < o0 such that, for all ye R,

[FFO)| + |F'D)] € o3 gD + 120N + 12D < v

For each A = T, with complement A°, define X, = (R4 for Z;, and
X, = R for Zy. Then X is isomorphic with the product X, x X,¢, and we
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shall write correspondingly x = (x,, x,¢) for x € X. The X and X, will be
given the product Borel sigma-fields % and %, , respectively.
We consider first the evolution of X;, and take X = (R?)'. For each
> 0 let A, be the closed cube of side 2r in I', centered at the origin, and
deﬁne the field x™(z, x°) for x° = (¢° p°®) in X and ¢ > O as follows

x(:;(t, x°%) = x%¢ forall t=0

and for se A,, xM(s, x°) = (g™(¢, x°), pi™(¢, x°)) is the unique solution of
the equations

0 = a8 + [ P00 du
P = + | [Py - 1o

PSP - @) det ) - 0 O
8’ ~85,5'¢A,
[Here and henceforth we omit for brevity the x° dependence of ¢g™(¢), p{™(¢).]
This evolution corresponds to keeping the field at sites outside A, fixed at
its initial value x3¢ and letting that inside A, evolve as a closed system.
Define also a field ™(z, x°) by

o, x%) = x3z  forall £3>0

and for s € A,,, (¢, x%) = (GP(2, x°), p™(¢, x)) is the unique solution of the
equations

390 =42 + [ AP du
w0 = + [ | Fapa) - 10w @

= 3 4@ — )| di + w0 = w0 ©)
§'~s
Here the field outside A, is kept fixed as before, but that inside A, now
evolves under the boundary conditions given by x3¢.
The field x(¢) is obtained as a limit as n — oo of the partial evolutions
x™(1).

Proposition 3.1.2 For each sel', x®™(¢, x°) converges as n— o0,
uniformly over x° € X and ¢ in any finite interval [0, ], to a limit which we

2 An existence theorem for the evolution of another infinite-dimensional stochastic model
with interactions has been established by Lang,® using a similar method.
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call x,(z, x%. The set of {x,(t, x°) = (gt, x°), p(t, x°)): s € '} obey the
infinite system of equations (1) for Z;, and are the unique solution of (1)
with initial condition x,0, x°%) = x,° for each s I

Proof. For A < I'and x = (g, p) € X, define |¢gs» = supsealgs), [Pla =
Supsea|psl, and [x]4 = max(|¢]a, [2lls). It follows from property (b) and
Egs. (3) that, if r < n,

£
lx™(t) — x*+D(@)[ 4, < Af [x™@) — x4, , du &)
0
where 4 = oy + 4dy, + 1B + 1. Using the boundedness of g, we have also
i
[P@) = 200, < B [ X000 = x40, du + 4yt
0

where B = ay + 48 + 1, so that (see Ref. 6, p. 41)
[x™() — x*B(2)]| 5, < 4dy, B~ — 1)
It follows by iteration from Eq. (5) that
[x™(@) — x®+ D) ] 5, € ddy2 B~ — DA "[ln — 1)!]  (6)

and hence that
> 1x0(1) — x4 0(1)]ls, < ddyoBHeP — Dett < 0

Thus for each s € A,, {g®™(¢)} and {p{(2)} converge as n — oo to limits g,(¢)
and p(¢), respectively, the convergence being uniform over x°e€ X and
te [0, ] for any r < 0. Since ¢ and p®™ are continuous functions of ¢ with
probability 1, the same is true for ¢, and p,. Letting » — co in Egs. (3) we
see that

qs(t) = qso + J;) Ps(u) du
20 = 52 + [ | Fa@) - 1800
+ 2 g(ge(u) — qs(u))] du + wy(t) — wy(0) foreach seTl

g'~s

To prove uniqueness, suppose that £(¢) € X also satisfies Eqs. (1), with
£(0) = x°. As above we find that for any r

1€(2) — x(2)| s, < 4dyaB~ (e — 1)(At)"/(m!) forall m >0
and hence &(r) = x(¢). QED
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We shall later require the following estimate: for r < n, by Eq. (6),

” x(n)(ts xO) - x(ta xO) ”A,

N

< Q) 1%, x%) — xE+D(E, x0)| 4,
_ <> (AT
< 4dy,B~1(e® — 1) Z(T—T)' (D

Note that, as a consequence of the following lemma, x(z) could also
have been obtained as the limit as n— o0 of ¥™(¢).

Lemma 3.1. For each se I, lim,_, ,|x{™(t, x°) — %™(t, x°)| = 0, uni-
formly for x° € X and ¢ € [0, 7].

Proof. This follows from the inequality

[x™(2, x°0) — #™(t, x0)| A S 4dy, BB — 1) &)—_—— foranyn > r

(n—r)!
which is derived as above. QED

The partial evolutions x™(, x°), (¢, x°) for Xy; are defined analogously,
and the existence of a unique solution of the field equations (2) is proved in
the same way for this model.

4. THE ASSOCIATED MARKOV SEMIGROUPS

Let B(X, #) and B(X,, %,) be the Banach spaces of bounded, Borel
measurable functions on X and X, respectively, with the supremum norm
[ . We can consider B(X,, %,) as a subspace of .B(X, %), consisting of
those elements that are cylinder functions based on X,. For each n > 0,
positivity-preserving contraction semigroups {Tt™}, {Tt} and {T,} can be
defined on B(X, %) by

Tf(x%) = Ef(x™(t, x°)
Tf(x%) = Ef(E™(t, x%)
T:f(x%) = Ef(x(z, x%)

where & denotes expectation. It follows from Proposition 3.1, Lemma 3.1,
and the corresponding results for X that if g € B(X,, #,) for some finite
region A and g satisfies a Lipschitz condition, then, uniformly on bounded
time intervals,

lim [Tig ~ T¥"gl = 0 = lim [Tig — ¥ ®
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Forxe X, A€ %, and ¢t > 0, define P(¢, x, A) = (TtlA)(x). Then (see Ref. 7)
for any fe B(X, %),

Tf(x) = f P, x, d)f(3)

For each of our models we now describe those probability measures m
on X that satisfy the so-called DLR conditions, and show that such a measure
corresponds in each case to a stationary distribution for x(¢). We make the
following assumption:

(d) There exist ®;, ®,: R — R, Oy(y) = Dy(—y), such that
F(y) =—-®,/(y) and g(»)=®,/(y) forall yeR
Model 2;: For each finite region A < I', define

Valas) = 2 ®i(g) + 3 D Dyfge — 4)

seA §,8'€A,8'~s

Va(@alan) = Valg) + 2 Dolg, — 40

seA,0eAC,0~5

Va(ga) + Walqalgso), say
ﬁA(xAlec) = I‘/va(‘IAlq‘lxc) + 4[pal?
For each finite A and each x,c € X,¢, suppose that:

() exp[—BVa( |ga)] € LYRY).
() (9V4/0g)( |4a®) expl—BVa( |gac)] € L'(R) for each s € A.

Il

For Il < T, let my be the projection of the probability measure m onto
(X, #y). We say that m satisfies the Dobrushin-Lanford-Ruelle (DLR)
conditions at inverse temperature 8 if, for any f € L1(X, m) and finite region A,

L Sy dm(x) = [ dmpe(xse) L Sty %a)Na(xa?)

X exp[-BﬁA(xAlec)] dxy
where
[Na(rad)] "t = L exp[— BHA(xalxa9)] dxa

Model ;;: For x € X = R, define ¥,(x,|xac) as above, and suppose
that for each finite A and each x,c € Xe:

(¢") exp[—2Va( |x50)] € LH(RA).
() [0Va( |xa0)/0xs] exp[—2V4( |xac)] € LA(R™) for each s € A.
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The probability measure m satisfies the DLR conditions if, for any
fe LY(X, m) and finite region A,

L ) dm(x) = fx dmps(ead) | fens Xa)Nala?)

XA
x exp[—2Va(xa|x5°)] dx,
where

[Na(ras)] -t = f expl— 275 (xalxa9)] dx

Note. Using the compactness of the unit ball in the space of Radon
measures on a locally compact Hausdorff space, the existence of DLR
measures for Z; and X;; can be proved, at least in the case when ®, is bounded.
Such measures are not in general unique.

Lemma 4.1. Under assumptions (a)-(f), any DLR measure m defines a
stationary distribution for ;.

Proof. Let ¢ € C2,,(X,), A = A,. Using (c), (), and (f), we can show,
just as in the proof of Proposition 3.1, Ref. 1, that for any fixed x,¢ and
t=0,

(djde) | T(Me(x) expl—BHa,(¥a,|¥a)l dxa, = 0
XAn
Hence (d/dt) JX Ti™ep(x) dm(x) = 0, so that for any ¢ > 0, .[x T™e(x) dm(x) =
_[X @(x) dm(x), and so by Eq. (8) also jx Tp(x) dm(x) = _[X o(x) dm(x). Thus

Con(Xn) < & = {qo e BUYa, B): [ Tox) dm(x)

=f o(x) dm(x) forallt > 0}

Since % is closed under addition, scalar multiplication, and bounded point-
wise limits, it follows from p. 160 of Ref. 7 that 1; e & for all E € %,. Hence,
by definition of the product topology in X,

f P(t, x, A) dm(x) = m(4) forall Ae® t>0 QED
X

A similar argument shows that, if (a)-(d), (¢"), and (f') are satisfied, and
m is a DLR measure for %, then m defines a stationary distribution for Zy;.
Thus for both models, any DLR measure m is invariant for the Markov
process x(¢) with transition probability P(z, x, 4), and so the equation

1669 = | Pt x df()
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defines {T}} as a semigroup of linear, positivity-preserving contractions on the
Hilbert space # = L*(X, m) (see Chapter XIII, Par. 1, Theorem 1 of Ref. 8).
Let | | and < > denote, respectively, the norm and inner product in 5

Lemma 4.2. {T}} is strongly continuous on 5

Proof. Let fe C®(X,), where A is a finite region. Let xe X, » > 0.
By Eqgs. (8), given e > 0 there exists n such that A = A, and | T,/ (x) — Tff(x)]
< Jeforallze [0, 7). Since x{(¢) is a diffusion process and thus stochastically
continuous, it follows that lim,,, 77f(x) = f(x). Hence there exists =, < =
such that |T™f(x) — f(x)| < %e for all 1 < 74, and so |T,f(x) — f(x)] < ¢
for all ¥ € 7,. By the dominated convergence theorem,

tim| 7./ — /1 = lim f T/ (x) — (|7 dm(x) = 0

The domain of strong continuity of {7;} thus includes (4 iuee CP(X,), and
50 by density is all of £

5. MIXING

Proposition 5.1. Let F and g satisfy (a)—(f). Then Z; is mixing with
respect to any DLR measure, according to the definition given in Section 1.

Proposition 5.2. Let F and g satisfy (a)-(d), (¢'), and (). Then Xy, is
mixing with respect to any DLR measure.

In this section we shall prove Proposition 5.1. The proof of Proposition
5.2 is similar and will be omitted.

The following lemmas will be needed. The proof of Lemma 5.1 uses
results from the theory of finite-dimensional stochastic differential equations
and estimates similar to those of Proposition 3.1 (see Chapter 6, Ref. 2).
Lemmas 5.2 and 5.3 are proved in the appendix.

Lemma 5.1. Let fe CP(X,) and ¢ > 0. Then for ie A,, A, > A,
(8/0p,)T{™f and (3/8p,)T,f exist and lie in B(X, #), and

Tim)
tim || 2 AT
Ao apz 8pi o

uniformly for ¢ in any finite interval.

Lemma 5.2. For any finite region A, define the differential operators
GAl and GA2 by
1 1 7 1 0
1 _ o ) 2 — = 2y
GA - 2exp(2 BIPA' ) ;6Pi [CXp( Zﬁlpl\‘ ) api]
A oV a(4alga?) @ d
2 — A —_— — P, —
On" = ;er [ o op; P q;
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Let p € C2(Xa), f€ CA(X,), where A, A’ are finite. Then for all ¢ > 0,

(dldt)p, Tif > = {(Gk + Gade, Tof> ®
Lemma 5.3. 57 is a separable Hilbert space.
Proof of Proposition 5.1. Let m be a DLR measure on X = (R%)T,

and, as in Section 4, define # = L*( X, m). Let fe C®(X,), A < A,. Then
T™fe A, and

ITf12 = | W, xag) dmag(xag) (10)
XA
where

W, xa9) = Nag(X49) |Tmf(x)|2 expl—BHa, (xa,lxa9)] dxa, (1)
XAn
Using (¢), (e), and (f) to differentiate under the integral and integrate by
parts in (11), we obtain

E 2 -
=2 (8, xag) = Na (xa2) - exp[—BH,,(x5,]1xa3)] dxa,
ot

ielAq

0 ~
. Tm
api Tt f('x)

By Lemma 5.1, given = < oo, there exists M < oo such that |8T{™f(x)/op;| <
M for all x € X, t € [0, 7]. Thus differentiation under the integral sign in (10)
is permissible, with the result that

@dnITef|® = = 2, e fepd?
Hence forany ie A,, ¢t = 0,
71 = 1 < = 1oTeond®
By Eq. (8) and Lemma 5.1, letting n — oo,
A = 111 < = [ JeTufion? du
Since ||7.f] is nonincreasing and bounded below, it follows that
Lw leT.flep:|? du < oo

and hence that there exists a sequence (7,) 4 oo such that

lim |7, f1ép(| = 0 (12)

Asin Ref. 9, call such a sequence a (*)-sequence. Since {T;f};5, is bounded in
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H, it has a weakly convergent subsequence; let (1,) } oo be such that weak-
lim,. . T,,f = y € # Passing to a subsequence if necessary, we may assume
(cf. Refs. 2 and 9) that lim,_, »(u, — ¢,) = 0 for some (x)-sequence (z,). It
follows from the strong continuity of {7;} on # that also

weak-lim 7; f = y

g— w0
Let D; be the differential operator &/dp; defined on the domain
T.CO(X,)

Afinite,t>0

which is dense in &£ Define W, on (U sinie Coom(Xa) by Wip(x) = Bpip(x) —
op(x)/op;. Since D; and W, are adjoint, the adjoint operator D;* exists and
extends W;. If p € C2.(X,.), A’ finite, then by Eq. (12)

O Wiy = lim (T, f, Wigy = im (DT, f @) = 0 a3
Let A’ = II | {i}, where Il is finite and does not contain i, and let I'; denote

I'\{i}. From Eq. (13) with p(xs) = @1(xn)e2(q)es(p), where @; € Cém(Xn)
and Pa, (PS € Cgom(R),

x exp[—BVi(4il4r)]

X 3% {[exp(—% Bpﬁ)]qos(pi)}) dg; dp; = 0

(p:) = dmyp(xp,) 1(xm)Ney(xr,)

Xy

Let

x f ()pa(a) expl—BVo(@lgr)]} da

y is defined for any ¢4, ¢, of the above form outside a Lebesgue-null set of
pi, and f°_°w F(p)Xdpldp;) dp; = O for any ¢ € C2,(R). Hence (see Ref. 1,
Lemma 3.2), ¥ is a constant. Using the arbitrariness of II, ¢, and ¢,, the
fact that m is absolutely continuous with respect to myp, x (Lebesgue measure
on R?), and the fact that y(xr,, g;, ) is locally integrable on R for all (xr,, g;)
outside an mp, x (Lebesgue)-null set, we can prove by an argument similar
to that of Lemma 3.1, Ref. 1 that y is independent of p, m-almost everywhere.
By the arbitrariness of i, we conclude that y = y(g) is independent of p.
We have thus proved that weak-lim, ., T, f = v, a p-independent func-
tion. Let # > 0. Arguing as in the proof of Proposition 3.1, Ref. 1, we find
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that Ty = weak-lim,_, . T, fis also p-independent. Let {7} have infinitesi-
mal generator Q. The dual semigroup {7;*} is weakly continuous, and hence,
by Lemma 5.3, also strongly continuous, with infinitesimal generator Z satis-
fying ZT;*g = Q*T,*g for any g € Dom (Z), t > 0. For any finite region A’
and ¢ € C4(Xa), t > 0,

(dfdt) <@, Ty> = <Q*T¥p, >
= lim (g, OT, veugS > = im{(d]dr) <o, Tyrue 3

= lim{(Gk + GX)o, Tyru > by Lemma 5.2

= <(G}\’ + G%’)¢9 Tt'y> = <G~12\'% Tt’}’>,
since Tyy is p-independent. Let A" = A, | J II, where 11 is disjoint from A,,

and let ¢ have the form ¢(xa) = ¢1(qu)P2(Pr)Pa(da,)Pe(Pn,), Where oy,
@3 € Com(R™), @3, 94 € Céom(R), and

| (= 181pa, o) dpa, = 0 (14

Then <¢, Tyy> = 0 for all > 0, and it follows that
0= <G~?\’(P, 7>

= z L P1(qm)P(Pr)Pa(Pa)PY(q)

ielAy,

i

Vs, 2
x |65 putan) = 52| an)

using (14) and integrating by parts in the variables p;, i € A,;. Hence by the
arbitrariness in the choice of ¢4, for each ie A,,

o a<p3 aI71\71
0= [ oaoulpar(@(5 - 852 93) 15)
Let r < n. From Eq. (15), for each k € A,,
o OV (4a,)
0 = [ wstaatrstpan@)| G2 — 8 0 | an)

and hence

0= LA ?(qA,.)a—Zk {®s(qa,) expl—BVa(qa) ]} dqa,
where

Han) = f N (eadoa(gm)

XAL

x @ pm)y(q) exp[—B WAn(qAnlqAﬁ)] dmA,i(xA,ﬁ) (16)
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is defined for any ¢4, @, of the above form outside a Lebesgue-null set of
4., and locally integrable on R%». Thus by (a), for any ¢ € CZ,,(R*») and
each k€ A,

(gn,)

0= [ 3an) H22d
Ron y(qAn) aqk ‘JA,,

so that, from Lemma 3.2, Ref. 1, 7 is g, -independent Lebesgue-almost every-
where. Let A, = A\A,. Since ye o < LYX, m), y(gac,qar) is locally
integrable on R4 for all (¢,¢, gar) outside an m,¢ x (Lebesgue)-null set N;.
Also, because of the arbitrariness of II, ¢;, @, in (16), there is an m,e X
(Lebesgue)-null set N, such that for all (g, gar) € N,°,

| na)das, = f ¥q) d4.,

for any half-open intervals I and J in R4 having rational end points and
finite equal Lebesgue measures. Since m is absolutely continuous with respect
to m,e x [Lebesgue measure on (R%)*:], we can deduce as in the proof of
Lemma 3.1, Ref. 1 that y(q) is independent of g, m-aimost everywhere.

As r was arbitrary, y must be a constant, and it follows from the invari-
ance of m that

y= <A1 = Lf(x) dm(x)

Finally, suppose that weak-lim,_, ,, 7./ # <{f, 1>. By weak sequential compact-
ness there must exist a sequence (u,) } co such that weak-lim,_ . 7. f =
n # {f, 1>. We have, however, shown this to be impossible. Hence

lim f T fh(x) dm(x) = f £x) dim(x) f hx)dmx)  (17)

for any h e % and fe C®(X,), A finite.
Density arguments now show that Eq. (17) holds for any f€ B(X, %),
h € L}(X, m), and the conclusion of Proposition 5.1 follows.

6. THE INVARIANT MEASURES FOR x;

We have seen in Section 4 that the measures on X that satisfy the DLR
conditions define stationary distributions for both X; and Z;;. In this section
we shall prove that, for model Z;, any stationary distribution that is time-
reversal invariant and satisfies certain additional requirements must be given
by a DLR measure.

Define a time-reversal operator p on B(X, #) by

of(q, p) = f(q, —p)
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Proposition 6.1. Let the probability measure m on X be stationary for
2 and satisfy:

() [, of(x)dm(x) = [, f(x) dm(x) for all fe B(X, B).

(i) [, (i + lg;]) dm(x) < oo for each seT.

(iif) For each finite region A, and x,c € X<, the conditional probability
measure m( |x,c) exists on X, and is absolutely continuous with respect to
Lebesgue measure on X,, with corresponding Radon-Nikodym derivative

ﬁ”lA(xA|xA°)-
(iv) Mmp(xalxse) > O for all xe X, and for any finite A and I with
AcTlt

"hn(xnlxn”) = mA(xAlec) Mp(€a, xn\Alxn”) déa (18)
XA

Then m satisfies the DLR conditions.

Note on Condition (18). Let &,( |#,c) denote the conditional ex-
pectation given the sigma-algebra #,c < %, for the measure m. Then for each
AeB xe X,

8L = | L, xacdinEala) dé

= Qulx, 4) say
Q. is thus a version of the conditional probability of m with respect to %,¢
for each finite A (cf. Ref. 10), and the following consistency condition must
therefore hold: For any finite A, IT with A < 1I,

(Q0,)(x, A) = Qu(x,A) foralldeZ
and m-almost all x€ X (19)
where

(205, 4) = | 03, A)0u, )

If Eq. (19) is required to hold everywhere, rather than just m-almost every-
where, (18) follows.

Proof of Proposition 6.1. Let fe C®(X,), A’ < A,_;. For any
t>0,

0 = [ (176 — SN dim)
- L [Tf) — TGO dm(x) + L [T®f(x) — F)] dm(x)  (0)

%1t is of interest to note the equivalence between DLR and KMS conditions, which
has been established for an infinite conservative system in Ref. 10.
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By Eq. (7) and the Lipschitz property of £, |T.f — Ti"f|l. is o(t) as ¢ 0.
Hence from Eq. (20), using (ii) to differentiate under the integral sign,

0 = tim 1=+ [ [70) — f) () = (a) | TOA) dm)co

- f (G — GRIF(X) dm(x) @

For any h € C®(X,.), p(Gyh) = Gi(ph) and p(G%.h) = —G3(ph). Thus by
(i) and Eq. (21), for each f'e CP(X,.),

L GL.£(x) dm(x) = 0 (22)
| Gaseo am = 0 23)
Let A be a finite region, and define
pa(xa) = e M(xplXa) dmige(x°)

Then dmy(x,) = pa(x,) dx,, and

Fulps) = | Fawatan, pa) dga

is defined for any f; € C®(R*) outside a Lebesgue-null set of p,. From
Eq. (22), with A’ = A,

fA 2a(Pa)GAYfo(pa) dpa = 0 for any f,e CO(RY)
B

and hence , is a stationary density for the Gaussian diffusion process on
R* whose Langevin equation is

dpa(t) = —3Ppa(t) dr + dw,(1)

[where w,(¢) is an R*-valued Wiener process]. Since*® this process has the
unique stationary density const x exp(—48|p4|?), it follows that

#a(pa) exp(3B(pal®

is constant almost everywhere, and hence from Lemma 3.1 of Ref. 1, that
pa(gas> Pa) = va(qa) exp(— 38| pal?) almost everywhere (Lebesgue), for some
measurable function v, on R2.

Thus, since A was an arbitrary finite region, the measure m on (R?)' =
R x R is the product of a configurational part m@ and a momentum part
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m®_ and m™® is the product on [ [, R of the Gaussian probability measures
with densities (2=/8) =% exp(—3Bp?) on each copy of R. It follows that

ia(xalxae) = 74(qalqac) exp(—1B8|pal?) (24)
for some measurable p-independent function 7,.

Let 6 e C2(Xn), @1, ps € CEn(R?), where A, II are finite disjoint
regions. From Eq. (23) with A’ = AU Il and f of the form f(x,) =
6(xme1(ga)pa(pa) we find, using the arbitrariness of @y, that for each ie A,

dme(xpe) 0(xy)

Xac
v c 7
< [ oaaadan)| A g - B gy =0 29
RA q; q;
Let A° ={ieA:ifsel, s ~ i, then s€ A}; 0A = A\A®. From Eq. (25), if
ieA°,

) 0ez) [ (xpIBVa(anoa(anlan)

Xac

x o alan) exp[—ﬁVA(qA)]}) dgs = 0 (26)

Thus, using (2), [, 7a(9a)[04(44)/0¢:] dgs = O for any i€ A®, 4 € Cqm(RY),
where

7(2s) = {exp[BV(gn)]) f B(r)P(qaln®) dimac(n)

is locally integrable on R,.

Hence by Lemma 3.2, Ref. 1, #,(q,) is gao-independent almost every-
where. Using the arbitrariness of Il and 8, we can now show, by an argument
similar to that used in the proof of Proposition 5.1 to prove the g,, inde-
pendence of ¥(q), that {exp[BVa(g)}7a(g4]ga¢) is gpo-independent m-almost
everywhere. It follows that

7(qalga9) = {exp[—BVa(q) ¥ s(g2al94%) (27

for some ¥, that is independent of g 0.
Finally, substituting Egs. (24) and (27) into Eq. (18) for regions A, II,
with A < I1° and using the identity

Va(gn) = Va(gs) + Vma(gma) + Wa(galqae)
we find that
exp[— Bﬁ RENET)
X4 expl—BH a(xa|x)] dx
and hence that m satisfies the DLR conditions. QED

mA(xA|xAc) = J-
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7. CONCLUDING REMARKS

We have shown not only that measures satisfying the DLR conditions
are stationary for both our models, but also that under certain circumstances
such measures are the only stationary states for ;. The DLR conditions
describe states that possess internal local stability.*® They are generally
assumed to describe equilibrium states of infinite-dimensional classical
systems, both stochastic and mechanical. We see that they may also be steady
states of systems, such as lasers, which undergo pumping and are thus not
in thermal equilibrium.

In an extension of our previous work on finite-dimensional systems, we
have also proved that models 2; and %y, are mixing with respect to any DLR
measure.

Results similar to ours on stationarity and mixing properties of DLR
states are obtained in Ref. 13 for a classical lattice spin system whose evolu-
tion is given by a Markov process with detailed balance, and in Refs. 4, 14,
and 15 for an infinite system of classical particles with a conservative evolu-
tion. Although time-reversal invariance is not imposed there, the conditions
under which in Ref. 14 a stationary state is shown to be DLR are otherwise
more restrictive than those we require in Proposition 6.1.

APPENDIX
Proof of Lemma 5.2. Let n > 0 be such that A {J A" < A,. Now,
@I = [ dmagtong) O, 319 (A1)
XAyc,
where

D(z, xp5) = Np,(xag) T, £ (X)e(x) eXp[“BﬁAn(xAnleﬁ)] dxa,

X Ay
Using (c), (e), and (f) to differentiate under the integral and integrate by parts,
0 - ~
77 Q6 %29 = Np(xag) | TG + GE)el(x)
XAn

x exp[_BﬁAn(xAnleﬁ)] dx,,
Now (Gi + G3)g is bounded on X, and |T{"f(x)] < || f]|l» for all xe X,
t > 0. Hence we may differentiate under the integral in (A1), obtaining

(djdt)p, T(Vf > = L dm(x) TP I(Gh + GRel(x)

= Gk + Gie, T
Equation (9) follows on letting n — c0. QED
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Proof of Lemma 5.3. For each #n > 0, L3*(X,, m,,) = 5, is a separ-
able subspace of #, consisting of cylinder functions based on A,. Let S,
be a countable dense set for 5#,, and define S = (U2 S,. We shall show
that the countable set of all finite sums of rational multiples of elements in S
is dense in 5%

Let fe o, ¢ > 0. There exists a simple function f = SV, r,1 B,» Where
the r, are rationals and B,e %, i = 1,..., N, such that |f — f|| < {e. Now
by definition & is the sigma-field generated by the semiring % of cylinder sets
of X. Hence for each i < N there is a set R;, consisting of a finite union of
disjoint sets of ¥, such that m(B; A R) < (¢/3Nr)?, where A denotes the
symmetric difference. It follows that |15 — 1| < ¢/(3N]|r.|). Also, since
1, e #,4, for some n(i) < oo, there exists g; € Syqy < Ssuch that |1, — ¢ <
€/(3N|r;|). Thus

N

f- z "i‘Pi” <=7+ iz || HIBi - IR«;“

i=1 =1

N
+ 2:1 |"i| "1R1 - %”
€ 3(ef3) =¢ QED
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